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This paper deals with thermally induced deformation buckling and postbuckling of a unidirectional sandwich

panel with a soft core. The mathematical formulation is based on the high-order sandwich-panel approach and it

incorporates the effects of the flexibility of the core in the vertical direction, alongwith its expansion or contraction in

the vertical direction as a result of the imposed thermal field. The nonlinear governing equations are derived using a

variational approach following the principles of the high-order sandwich-panel theory . The governing equations of

the prebuckling and buckling states are determined through linearization following a perturbation approach. The

effects of the vertical thermal core normal strains of the core, which are usually ignored by various computational

models, are studied at the buckling and the postbuckling stages, with emphasis on the differences in the mechanical

behavior. A comparison with results obtained using a classical elastic foundation approach is conducted, and the

differences are presented and discussed. The postbuckling behavior of thermally loaded sandwich panels in the

vicinity of the temperatures that cause buckling, based on a simplified model, is presented through numerical

examples involving a uniform temperature field, along with finite element results using ANSYS that compare very

well. In addition, the results for a gradient thermal field are described. The results are presented through various

structural quantities along the panel and through equilibrium path curves of temperature vs extreme values of

these structural quantities. An important conclusion of the study is that the postbuckling behavior of a heated

sandwich panel with a soft core is of a stable type for the cases investigated (i.e., that of a plate rather than of a column

or a shell).

Introduction

M ODERN sandwich panels, which are made of a low-strength
flexible core and two face sheets that are either made of metal

or composite laminated materials, are widely used in the aerospace,
naval, transportation, and building industry. They are used as
primary and secondary structural components, and their popularity is
a result of their superior qualities in terms of weight-to-strength ratio,
high stiffness, ease of manufacturing, acoustic and thermal
insulation, repair capability, and flexibility in design. During their
service lifetime, such panels serve in various aggressive environ-
ments that exert induced deformation loads as a result of temperature
changes, shrinkage, or moisture absorption. Thermally induced
loadsmay be associated with bending, buckling, and postbuckling of
such panels, and the goal of this research is to investigate the effect of
thermally induced loadswhen large displacements are accounted for.

Thermal buckling (or thermally induced buckling) is defined by
the critical temperature that causes loss of stability as a result of the
development of in-plane compressive stress resultants that reach a
critical value. In such a case, the critical temperature corresponds to
the bifurcation point, the stage before the critical temperature is the
prebuckling stage, and the stage of the critical temperature is the
buckling stage. In general, these compressive stress resultants are a

result of in-plane displacement constraints, especially when a
uniform thermal field is considered (see Fig. 1). Notice that when
such constraints do not exist, the sandwich panel undergoes deforma-
tions,withminor stress resultants that aremainly due to themismatch
of the expansion coefficients of the various constituents. The
buckling phenomenon occurring in a unidirectional sandwich panel
in the absence of imperfections is associated with a bifurcation load
point that shifts from a membrane state, denoted as the prebuckling
stage, into a bending state, denoted as the buckling stage, inwhich the
in-plane compressive stress resultants remain nearly unchanged. In
the case of a sandwich panel subjected to a uniform thermal field, the
face sheets will undergo in-plane deformation, whereas the core
undergoes vertical as well as in-plane displacements. If the upper-
face sheet is not vertically supported, the vertical displacements of
the core do not affect the deformation pattern of the face sheets at all,
and the upper-face sheet will undergo a rigid-body movement (see
Fig. 1a). However, when the upper-face sheet is restrained vertically
at certain points (see Fig. 1b), the expansion/contraction of the core in
the vertical direction causes bending and tensile or compressive
stress resultants in the face sheets as a result of the in-plane restraints
of the supports (immovable supports). Accordingly, the thermal
buckling problem in a sandwich panel may be associated with a
nonlinear behavior even at the very early stages of loading or
prebuckling, rather than with a bifurcation point. A very important
question, which is also one of the goals of this research, is how the
vertical thermal displacements of the core affect the buckling and the
postbuckling response of a sandwich panel.

The instability of sandwich panels with transversely rigid cores
made of metallic or polymer honeycombs has been considered by
many researchers. It is usually assumed that the core is of an antiplane
type and incompressible (see, for example, the textbooks by Allen
[1], Plantema [2], Zenkert [3], andVinson [4]). In general, it is further
assumed that the global and local (wrinkling) buckling modes of the
sandwich panel are uncoupled (see also Bulson [5], Brush and
Almroth [6], and Vinson and Sierakowski [7]). The global buckling
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is defined through the solution of an equivalent panel that replaces
the layered panel with an equivalent homogeneous layer (or
equivalent single layer) that possess shear rigidity in addition to the
flexural rigidity while ignoring the compressibility of the core.
Among the commonly used theories for such analyses are the first-
order shear deformation theory by Mindlin [8] or higher-order
theories such as Reddy’s [9]. In the case of thermal buckling and
postbuckling of sandwich panels, various first- and high-order shear
deformable models (along with analytical or finite element solutions
that, in general, ignore the compressibility of the core) are proposed
and used (see Ko [10], Kant and Babu [11], Najafizadeh and Heydari
[12], Lanhe [13], Shiau andKuo [14], andMatsunaga [15], who used
truncated power series expansion of the distribution of the
displacement patterns through the thickness), but are limited to
simply supported boundary conditions and to buckling only. In
general, the critical temperature at buckling is related to the
compressive buckling stress resultants through the governing
equations of the membrane state at the prebuckling stage, which
ignores the expansion or contraction of the core under the thermal
field. For local (wrinkling) buckling analysis, the sandwich panel is
usually represented (idealized) by two isolated, separate, face sheets
supported on an elastic foundation that is provided by the vertical
rigidity of the core, while ignoring any interaction between the two
face sheets, as well as through the shear and vertical normal stresses
within the core (see, for example, Allen [1], Zankert [3], and
Thomsen [16]). The same approach has also been applied for the case
of thermal buckling (see Ko and Jackson [17]) and for intuitive/
qualitative explanation of thermal postbuckling of a sandwich panel
resting on an elastic foundation (see Rao and Raju [18]). Although
the mechanical properties of the panel considered here are not
affected by the thermal field, it is worthwhile to mention some recent
works on the topic, for completeness. The effect of the temperature-
dependent properties has been studied recently by Birman [19], who
dealt with wrinkling of a simply supported sandwich panel using the
first-order shear deformation model, along with material properties
that linearly dependent on temperature. Recently, Birman et al. [20]
and Liu et al. [21] considered the responses of a sandwich panel and a
sandwich beam using the first-order shear deformation theory, with
temperature-dependent properties and subjected to elevated
temperatures.

A more rational approach models the layered sandwich panel as
two face sheets and a core layer, which are combined/joined together
through fulfillment of equilibrium and compatibility conditions, and
thus is able to incorporate the vertical flexibility of the core, which
has been ignored by many previously mentioned works. This
approach has been implemented through a variational principle into
the high-order sandwich-panel theory and has been used successfully
for the analysis of various linear and nonlinear applications,
including hygrothermal effects (see Frostig [22]), buckling analysis
of unidirectional sandwich panels (see Frostig and Baruch [23]),
buckling analysis of sandwich plates (see Frostig [24]), nonlinear
response to in-plane compressive loads (see Sokolinsky and Frostig
[25]), and a general nonlinear response (see Frostig et al. [26]).

The literature survey reveals that, in general, the proposed thermal
buckling analyses of sandwich panels are limited to configurations

with incompressible core materials (i.e., core materials that do not
expand or contract when subjected to a thermal field, specific
boundary conditions, and limiting assumptions. Hence, they are
invalid/insufficient for the analysis of modern sandwich panels with
compressible cores made of polymeric foam or low-strength flexible
honeycomb. In addition, the various models determine the buckling
load through the assumption that the edges of the sandwich panel are
in-plane unrestrained (movable support) at the buckling stage and
restrained (immovable) at the prebuckling stage, which contradicts
the real restrained boundary conditions. This contradiction is based
on the assumption used by many researchers, but which is
unsubstantiated, that the in-plane compressive stress resultants at the
buckling stage do not change. In the case of a sandwich panel with a
soft core that may expand or contract, this assumption is generally
incorrect.

The present analysis incorporates the effects of theflexible core, as
well as its thermal strain in the vertical direction, into the
mathematical models and follows the high-order sandwich-panel
theory approach. The variational principle of minimum of the total
potential energy is used to derive the field equations and the
appropriate boundary conditions. The prebuckling and the buckling
governing equations are defined through a perturbation technique
(see Simitses [27]) that yields a set of linearized equations, and their
closed-form solution for a specific simply supported panel is
presented.

The formulation is based on the well-known assumptions for
sandwich structures with soft/compliant cores:

1) The face sheets have in-plane and bending rigidities; the face
sheets and the core material are assumed be linear elastic.

2) The face sheets undergo large displacements and moderate
rotations (geometrically nonlinear).

3) The core is considered as a 2-D linear elastic medium with
kinematic relations corresponding to small deformations (geometri-
cally linear), for which the core height may change during
deformation, and its section planes do not remain plane after
deformation.

4) The core possesses only shear and transverse normal stiffness,
whereas the in-plane (longitudinal) normal stiffness is assumed
to be nil.

5) Thermalfields are applied to the face sheets and the corewithout
a change in their mechanical properties and the thermal conductivity
of the face sheets, and the core is unaffected by the temperature field.

6) The mechanical loads are applied to the face sheets only.
This paper first presents a nonlinear analysis of sandwich panels

subjected to thermally induced deformation. The field equations and
the appropriate boundary conditions are derived through a
variational approach. A perturbation technique is used to linearize
the nonlinear field equations and to define the equations for the
prebuckling and the buckling states. A simplified closed-form
solution is presented for a specific simply supported sandwich panel,
while neglecting the expansion/contraction thermal strains of the
core. These simplified solutions are compared with the full nonlinear
solutions, and the effects of the core strains on the buckling and the
postbuckling responses are presented through numerical examples.
Finally, conclusions are presented.
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Fig. 1 Deformed shapes of uniformly heated sandwich panels: a) membranes state and b) nonmembrane state.
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Nonlinear Thermal Governing Equations

The set of the nonlinear field equations used for the analysis herein
is based on the kinematic relations corresponding to large
displacement with moderate rotations. They were derived through
the minimization of the total potential energy following the
procedure presented in Frostig and Baruch [23] (see also Frostig and
Thomsen [28]). The closed-form description of the stress and
displacement fields of the core appears in Frostig [22] and is briefly
presented here for completeness.

The set of the nonlinear thermal governing equations was derived
using the procedure outlined in Frostig and Baruch [23] and the
following isotropic constitutive relation:

For the upper- and the lower-face sheets:
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where the following definitions refer to the two face sheets (j� t; b):
�xxj�x; zj� are the longitudinal normal stresses; wj and uoj are the
vertical and midplane in-plane displacements; Ej is the modulus of
elasticity; dj is the thickness of the face sheet; �j is the coefficient of
thermal expansion (CTE) of the face sheets; Tjk�x� and (k� t; b) are
the temperatures at the upper and lower fibers of the faces,
respectively; zj is the vertical coordinate of the faces measured
downward from centroid of each face sheet separately; and x is the
longitudinal coordinate of the sandwich panel. The terms related to
the core are �c�x; zc�; �zz�x; zc� are the shear and the vertical normal
stresses; Ezc and Gxzc are the vertical modulus of elasticity and the
shear modulus; wc�x; zc� and uc�x; zc� are the vertical and in-plane
displacements, respectively; �c is the coefficient of thermal
expansion;Tck�x� and (k� t; b) are the temperatures at the upper and
lower fibers of the core, respectively; c is the core height; and zc is the
vertical coordinatemeasured from the upper-face–core interface (see
Fig. 2 for sign conventions and temperatures distribution). Notice
that the temperature at the adjacent face of the core and the face sheets

are not identical, and thus Tct ≠ Ttb and Tcb ≠ Tbt (see the
temperature distribution in Fig. 2). Hence, the nonlinear thermal
governing equations for the sandwich panel that consist of
equilibrium equations, constitutive relations, and a compatibility
equation of the longitudinal displacements at the lower-face–core
interface read
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Fig. 2 Geometry, loads, temperature distributions and internal stress resultants: a) geometry, b) external loads, and c) internal stress resultants and

interfacial normal stresses.
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where the following terms refer to the upper- and lower-face sheets,
respectively (j� t; b): Nxxj andMxxj are the in-plane and bending-
moment stress resultants of each face sheet; Vxzj are the shear stress
resultants in the upper- and lower-face sheets; nxj, qj, andmj are the
external distributed loads in the longitudinal and vertical directions
and the bendingmoment applied to the upper- and lower-face sheets,
respectively; dj (j� t; b) are the thickness of the various face sheets;
EAj and EIj are the in-plane and flexural rigidity of the various
independent face sheets;Njk,Pjk, andMjk (k� t; b) are the external
concentrated loads (in longitudinal and vertical directions) and
bending moments applied at x� xj at the various face sheets,
respectively; ��x� is the shear stress in the core; bw is the width of the
panel; and dx is the length of a differential segment. For sign
conventions of coordinates, stresses, displacements, temperatures
distribution, and stress resultants, see Fig. 2. The notation � �;x �
�d=dx�� � in Fig. 2 refers to a derivative with respect to x.

The stress and displacement fields of the core were determined
through the solutions of the differential equilibrium equations, which
are derived by the variational procedure, along with the constitutive
relations [see Eqs. (2) and (3)] (for details, see Frostig [22]); they read
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The vertical normal stresses at the upper- and the lower-face–core
interfaces read
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The nonlinear governing equations can be solved numerically after
replacing the first ten equations, Eqs. (4–13), with 12 equivalentfirst-
order equations of the following unknowns for the two face sheets:
uoj�x�, wj�x�, �d=dx�wj�x�, Nxxj�x�, Vxzj�x�, andMxxj�x� (j� t; b)
(see Frostig and Thomsen [28] for details). The last governing
Eq. (13), which describes the compatibility condition in the
longitudinal direction at the lower-face–core interface, is replaced by
two first-order equations as follows:
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whereD��x� is a dummy function that replaces the derivative of the
shear stresses [see Eq. (21)] and also enhances the numerical
efficiency of the solution.

The boundary and the continuity conditions are based on the 14
unknown functions. The boundary conditions consist of six
conditions for each face sheet that follow those of ordinary
unidirectional panels or beams and two conditions of the core that
require either a free edgewith null shear stresses or a constrain on the
vertical displacement at the edge of the core through its depth. For
details, see Frostig and Thomsen [28] and Frostig [22] for the core.

The postbuckling response is described through the numerical
solution of the nonlinearfirst-order set of differential equations that is
solved using the multiple-point shooting method, along with the
procedure that implements the natural parametric and pseudo-arc-
length continuation methods and is capable of retrieving of
secondary bifurcation occurrence (see Stoer and Bulirsch [29] and
Keller [30]). The governing equations of the prebuckling and
buckling stages are derived next.
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Prebuckling and Buckling Stages: Linearized Equations

The nonlinear governing equations are linearized using a
perturbation technique (see Simitses [27]) to define the governing
equations for the prebuckling and the buckling stages. To achieve a
compact yet simple linearized set of equations, the mechanical
properties are assumed to be uniform through the length of the
sandwich panel, and the nonlinear governing equations [see Eqs. (4–
14)] were consolidated into seven equations: Eqs. (4–6) for the
upper-face sheet, Eqs. (9–11) for the lower-face sheet, and the
compatibility equation (14). The bending stress resultants of the face
sheets, Mxxj�j� t; b�, that appear in the aforementioned equations
are replaced by their constitutive relations (8) and (13) for the upper-
and lower-face sheets, respectively. Thus, the new set of the
governing equations consist of seven unknowns that using the
perturbation approach read

uot�x� � uot�x��o� � �uot�x��1�; uob�x� � uob�x��0� � �uob�x��1�

wt�x� �wt�x��o� � �wt�x��1�; wb�x� �wb�x��0� � �wb�x��1�

Nxxt�x� �Nxxt�x��o� � �Nxxt�x��1�

Nxxb�x� �Nxxb�x��o� � �Nxxb�x��1�; ��x� � ��x��o� � ���x��1�

(23)

where �� 1 is the perturbation parameter and the
superscripts [o] and [1] refer to the prebuckling and buckling
stages, respectively.

The equations for the different stages are derived through
substitution of Eqs. (23) into the consolidated set of the governing
equations and by collecting the coefficients that correspond to the
zeroth power (prebuckling stage) and the first power (buckling
stage). Hence, they read as follows:
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Buckling stage:
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where Noj�j� t; b� are the in-plane stress resultants in the face
sheets at the prebuckling stage when no external loads are applied to
the face sheets [see Eqs. (24) and (27)].

1980 FROSTIG AND THOMSEN



The governing equations corresponding to the prebuckling stage
are generally nonlinear, and no general analytical closed-form
solution exists. The computational efforts associated with their
numerical solution are of the same order as the solution of the original
nonlinear set of equations. Notice that, in general, the prebuckling
stage describes a membrane state, even in the absence of external
loads.

Simplified Solution: Vertical Core Expansion/
Contraction Neglected

When no external loads are present and the thermal expansion or
contraction of the core in the vertical direction is neglected or yields
only rigid-body movements (see Fig. 1a), a simplified solution is
possible, and a membrane state at the prebuckling stage exists. In
such a case, the prebuckling equations reduces to the following set of
equations:
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where the last equation is equivalent to the requirement that the
midplane strainmust be identical in the upper- and lower-face sheets.
The analytical closed-form solution of this set of equations, in the
case of a uniformly distributed thermal loading along the panel,
uniform mechanical properties, and edges that are restrained in the
in-plane direction (see Fig. 1), reads
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2
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2
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where Noj � Nxxj�j� t; b� [see Eqs. (33) and (36)].
The buckling-stage equations (32), (33), (35), and (36) change

upon substitution of Eqs. (38) and (39), respectively, as follows:
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Hence, the updated linear set of equations for the buckling stage
consists of Eqs. (31), (34), and (40–43) and Eq. (37). This set of
equations is homogeneous, and it can be solved for various boundary
conditions either in a closed form or using well-known classical
solutions of linear differential equations with constants coefficients.
Notice that these equations were derived assuming that the supports
are immovable in the in-plane direction. A simple analytical solution
exists when a simply supported panel is considered.

Case Study: Simply Supported Sandwich Panel

In the case of a simply supported sandwich panel (see Fig. 1b), the
edges of the upper and the lower edges of the face sheets are pinned
(with in-plane restrains), and the vertical displacements at the edges
of the core through its height are prevented.

The analytical solution consists of a set of functions that fulfill the
appropriate boundary conditions of the vertical displacements and
also allow horizontal movements of the supports, and they read
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�
(44)

wherem is the number of half-waves in the trigonometric functions.
The number of unknowns is consolidated to five through substitution
of the constitutive relations of the in-plane stress resultants, Eqs. (40)
and (42), into Eqs. (31) and (34). Hence, after substitution of Eq. (44)
into the buckling equations, these change into an algebraic set of
equations that can be described in matrix form as follows:

Af � 0 (45)

where A is a matrix and f is the vector of unknowns, as follows:
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(46)

f � �Cuot ; Cwt ; Cuob ; Cwb ; C� �T; 0� �0; 0; 0; 0; 0�T (47)

Notice that by multiplying the last row of matrix A by �bw, the
matrix becomes symmetric. In the case of two identical face sheets
and a uniform thermal field through the depth and length of the panel,
the prebuckling in-plane stress resultants are equal, and thus

FROSTIG AND THOMSEN 1981



Nob � Not. The critical loads are determined through the
requirement that the determinant of the matrix A must be equal to
zero. The critical temperatures are related to the buckling in-plane
stress resultants, through the solution of the prebuckling equations
[see Eqs. (39)], assuming immovable supports. The critical
temperatures and their eigenvectors equal

Tcr;wr �
m4�4EItc� 2bwEzcL

4

L2m2�2cEAt�t
; fwr � �0;�1; 0; 1; 0� (48)

Tcr;gl�m2�2�EItEAtGxzcm4c3�4�12EAtL
2Ezcm

2c�2EIt

�24EItbwL
4EzcGxzc�6bwEAtL

4EzcGxzcc
2

�12cbwEAtdtL
4EzcGxzc

�6bwEAtd
2
t L

4EzcGxzc�=�L2�24bwL4EzcGxzc

�m4�4c3EAtGxzc�12m2�2cEAtL
2Ezc�EAt�t�

fgl�
�
�1;

� 1

12

24bwL
4EzcGxzc�m4�4c3EAtGxzc�12m2�2cEAtL

2Ezc
m�EzcL

3Gxzc�dt�c�bw
;

1;
1

12

24bwL
4EzcGxzc�m4�4c3EAtGxzc�12m2�2cEAtL

2Ezc
m�EzcL

3Gxzc�dt�c�bw
;

�EAtm
2�2

bwL
2

�
(49)

where Tcr;wr and Tcr;gl are the critical temperatures that cause
buckling, and they correspond to the local wrinkling type of
buckling, in which the two faces move vertically in opposite
direction (see fwr in Eq. (48), and to global type of buckling, in which
the two faces move vertically in the same direction [see fgl in
Eq. (49)], respectively. The m value that corresponds to the
extremum magnitudes of these temperatures is determined through
the requirement that their derivative with respect tommust be zero.
The wrinkling results within the assumptions of the simplifiedmodel
can also be determined through a simplemodel of isolated face sheets
that rest on a Winkler type of elastic foundation with a spring
coefficient of kw � 2Ecz=c (see, for example, Zenkert [3]). Notice
that the values of the critical temperatures do not depend on the CTEs
of the core at all. In general, a correct buckling analysismust consider
the global and the wrinkling results to define the critical
temperatures.

Notice that the simple analytical closed-form solution presented
assumes that a membrane state of stress exists at the prebuckling
stage due to the omission of the vertical thermal-induced
deformations of the core, and it also violates the in-plane restraint
conditions at the supports at the buckling stage. In addition, when the
expansion or contraction of the core in the vertical direction is
considered and a membrane state accordingly cannot exist at the
prebuckling stage, the efforts involved with the solution correspond-
ing to the linearized approach and the full nonlinear analysis are of
the same order of difficulty.Hence, the simplified solutions should be
used with caution in their own right, and they may serve as an initial
trial solution for the nonlinear model in general. The quality of the
solution is to be determined through comparisons with the full
nonlinear solution.

Thermal Postbuckling: Numerical Study

In the practical design ofmany sandwich panels, the buckling load
may serve as the limit load level. Thus, the panel may buckle under
service conditions, whereas the collapse of the panel determines the
ultimate carrying capacity of the panel. This design approach is
possible only if the behavior beyond buckling (i.e., postbuckling) is
stable. In general, a unidirectional sandwich panel with a soft core
when subjected to in-plane compressive loads may display different
types of postbuckling behavior: a columnlike behavior in which the
displacement may reach extremely large values with only very small

changes in the compressive loads (unstable behavior), a platelike
behavior in which any changes in the displacements depend on an
increase of the compressive loads (stable behavior), and a shell-like
behavior with a limit point for which any change in the displacement
requires a reduction in the compressive loads and yields a snap-
through phenomenon (unstable behavior) (see Sokolinsky and
Frostig [25]).

Therefore, in the design of platelike structures, the sandwich panel
may buckle under service conditions, and its ultimate load-carrying
capacity corresponds to the collapse load, whereas in the other cases
of unidirectional or shell-type sandwich panels, the ultimate carrying
capacity corresponds to the buckling load or limit load level. The
exact nature of the thermal postbuckling of a unidirectional sandwich
panel is of great importance to its design and when assessing the
structural safety.

The thermal postbuckling behavior of a typical sandwich panel is
presented through the solution of the full nonlinear governing
equations with and without the effects of the expansion or
contraction of the core in the vertical direction. The nonlinear results
in the vicinity of the linearized critical temperatures are compared
with the linearized results, as well as with FE results using ANSYS
[31] for the assessment of the inefficiencies of the linearized model.
To achieve this goal, the imperfection loads, layout, and magnitude
were chosen to yield the linearized buckling modes in the vicinity of
their critical temperatures for the case of a null CTE in the core, and
they are also used for the cases with the nonzero CTEs of the core.
These imperfection loads yield an imperfection pattern that
corresponds to the overall, or wrinkling, buckling mode. Notice that
these loads have also been used to determine the equilibrium path
curves for the various CTEs. The ANSYS run used the kinematics of
large displacements and large rotations, along with plane stress
constitutive relations, and they are presented along the panel and the
equilibrium curve of the overall buckling case for the case with the
largest CTE that equals 35e–5.

The numerical study investigates the effects of the vertical thermal
strain of the core on the nonlinear response in the vicinity of the
critical temperatures, which does not depend on the CTEs of the core
[see Eqs. (48)] when subjected to thermal fields for two different
types: a uniform thermal field and a thermal gradient through the
depth of the core.

The study is performed on a sandwich panel with a soft core (see
Fig. 3a) that consists of two face sheets made of aramid (Kevlar) with
an equivalent modulus of elasticity of 27,400 MPa; a coefficient of
thermal expansion of 0.6e–5; and a core made of rock wool with a
modulus of elasticity of Ezc � 0:525 MPa, a shear modulus of
0.212MPa, and a coefficient of thermal expansion �C that attains the
values 0, 3.5e–5, and 35e–5 for case study 1. For case study 2, �C is
assumed to be 35e–5.

In thefirst case, the effects of the vertical thermal strains of the core
are studied for the wrinkling and global modes of buckling, and the
results are presented in Fig. 3–5 for wrinkling buckling and in
Figs. 6–8 for global buckling. The linearized analysis, which
neglects the thermal strains of the core in the vertical direction, yields
a critical temperature of Tcr;wr � 96:57
C (No;wr ��476:63 N),
with a mode that consists of 11 half-waves for wrinkling buckling
and a critical temperature of Tcr;gl � 25:59
C (No;gl ��126:29 N)
and with a mode that consists of one half-wave for global buckling.

The geometry, imperfection loads, and thermal distribution for the
wrinkling buckling appears in Fig. 3a. The deformed shape at a
temperature of 99.5
C, which is at the upper range of temperatures
for the wrinkling case (see Fig. 5) within the postbuckling range,
consists of 11 half-waves in each face sheet, with a mode that is
symmetric relative to the core midsurface. The imperfection loads
that consist of two concentrated loads at midspan and that act in
opposite directions (see Fig. 3a) are introduced to initiate
postbuckling with a wrinkling mode.

The results for the different coefficients of thermal expansion of
the core at a temperature of 99.5
C at the upper range of temperatures
and above the critical wrinkling temperature along the half-span of
the panel appear in Fig. 4. The vertical displacements of the two face
sheets are equal in magnitude but in opposite directions (see Fig. 4a).
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The value of the extreme displacement obtained for �C � 0 is almost
one-tenth of that with a nonzero coefficient. In the first case, with
�C � 0, the displacement pattern consists of five-and-a-half half-
waves with identical amplitude; in the second case, the half-wave
pattern has different values; and in the third case, with the largest
value of �C, the pattern is not periodic at all. The FE results by
ANSYS reveal a very similar displacement layout, which coincides
near the edge of the panel and is a little bit larger far from the edge.
The differences between the results of the two different approaches
are due to the large displacement and rotation kinematic relations
used by ANSYS, compared with the large displacement and
moderate rotations used here. The bending moments for the two face
sheets are identical in values but opposite in signs (see Fig. 4b). They
are generally periodic for all cases, but with increasing magnitude as
�C increases. The in-plane stress resultants are compressive,
identical in the two faces, uniform through the length of the sandwich
panel, and reach the critical load of No;wr ��476:63 N only for
�C � 0. In all other cases (i.e., with higher �C values), the in-plane

resultants are smaller. The vertical normal interfacial stresses at the
upper- and lower-face–core interfaces are identical, with a periodic
pattern, and their magnitude increases as the �C increases. Also in
this case, the ANSYS results compare well with those of the
proposed analysis.

The equilibrium curves of temperature vs extreme values for the
three different values of �C appear in Fig. 5, and they were
determined using the imperfection loads that appear in Fig. 3a. In the
case of �C � 0, a significant change in the pattern of the curve is
observed in the vicinity of the critical temperature Tcr;wr, determined
through the solution of the linearized equations. The curves for
vertical displacements of the two face sheets are identical and appear
in Fig. 5a. The displacement patterns in the case with nonzero values
of �C are smooth, without any changes in the vicinity of the critical
temperature. Notice that in the case of �C � 0, the equilibrium curve
presents a typical curve of a plate, with a significant change in the
vicinity of the critical temperature and a stable postbuckling curve in
which the displacements increase only when the temperature is

α =0,c T=99.5 Co

a)

b)

Fig. 3 Geometry and deformed shape of awrinkled panelwith a uniform thermal distribution: a) geometry andmechanical properties and b) deformed

shape in the postbuckling range with neglected thermal core strain.
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raised. For the other cases (nonzero�C), the behavior is nonlinear and
does not exhibit a buckling phenomenon at all. The maximum
bending moments (see Fig. 5b) and the extreme vertical normal
interfacial stresses (see Fig. 5d) follow the same trends.

The curves of the in-plane compressive stress resultants appear in
Fig. 5c. For the case of �C � 0, the resultants do not change as the
temperature is raised. They reach a maximum magnitude that equals
the buckling load No;wr ��0:476 kN corresponding to the
linearized model. In the other cases (i.e., for nonzero �C), the
compressive resultants are smaller than the specified critical value.
Notice that in the case of �C � 0, the face sheets are subjected to
compressive resultants that are a result of the thermal in-plane strains
in the face sheets only. In the other cases, with nonzero �C and with a
vertical expansion (see the deformed shape in Fig. 1b), the face sheets
elongate, thus yielding tensile stress resultants as a result of the in-
plane restraints at the supports. In addition, the face sheets are also
subjected to in-plane thermal strains that yield compressive stress

resultants, again as a result of the same in-plane restraints. Thus, the
in-plane stress resultants in the face sheets are a combination of the
compressive and the tensile resultants. Notice that as the temperature
is raised, the tensile and the compressive resultants increase.
Therefore, when the vertical thermal strains of the core are
considered, the panel may exhibit a general nonlinear behavior,
rather than buckling in a classical sense. Thus, the approach of the
elastic foundation that determines the critical temperature or loads
(assuming a buckling phenomenon and using isolated face sheets,
while ignoring the vertical thermal strains of the core) is generally
inconsistent with the constraints of the problem and is therefore
incorrect.

The results of the overall buckling type with a uniform thermal
field consists of deformed patterns of the two face sheets thatmove in
the same direction for the different �C values (see Figs. 6–8). Here,
the imperfection concentrated loads are exerted on the upper- and
lower-face sheets in the same direction (see Fig. 6a). The deformed
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Fig. 6 Geometry and deformed shape of a global buckled sandwich panel with a uniform thermal distribution: a) geometry andmechanical properties

and b) deformed shape in the postbuckling range with neglected thermal core strain.
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shape with �C � 0 that neglects the vertical thermal stresses of the
core at a temperature of 29.5
C, which is again at the upper range of
temperatures for the overall buckling case (see Fig. 8), appears in
Fig. 6b and consists of one half-wave.

The results for the different values of �C at a temperature of
29.5
C, at the upper range of temperatures along the half-span of the
panel, appear in Fig. 7. The vertical displacements of the two face
sheets appear in Fig. 7a, and it is observed that they are quite large in
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comparison with the vertical displacements of the wrinkling-type
buckling (see Fig. 4a). The values of the extreme displacements for
the different �C values are of the same order of magnitude, and they
increase as the �C increases. Notice that for the case with the larger
�C value, the displacements of the upper face are the smallest, as a
result of the large vertical expansion of the core that causes the upper
face tomove upward. The FE results by ANSYS for the case with the
larger CTE reveal a very similar displacement layout, which almost
coincides throughout the panel except for the midspan vicinity, in
which the ANSYS displacements have a similar pattern but with
slightly larger values. The differences between the results of the two
different approaches are due to the large-displacement kinematic
relations used byANSYS, comparedwith the large displacement and
moderate rotations used here. The bendingmoments for the faces are
identical in values but of opposite signs (see Fig. 7b), and they reach
their largest values in the vicinity of the support. Again, the peak
values increases as �C increases. The in-plane stress resultants are
compressive (see Fig. 7c), and they vary along the span, as a result of
the existence of shear stresses in the core. Moreover, the in-plane
stress resultants exceed the critical load ofNo;gl ��0:126 kN of the
linearized solution. The vertical normal interfacial stresses at the
upper- and lower-face–core interfaces are almost identical, although
the panel moves downward. In the case of �C � 0, they are almost
zero, whereas they reach higher values in the vicinity of the supports
as �C is increased. In general, when a panel moves downward as a
result of bending or buckling, the interfacial stresses at the various
interfaces are of different signs: one is in tension and the other one is
in compression. Here, the behavior is different, due to the vertical

thermal expansion of the core that causes the formation of
compressive vertical normal interfacial stresses before the global
bending displacements.

The equilibrium curves of temperature vs extreme structural
quantities for the three �C values for the case of global buckling
appear in Fig. 8. In the case of �C � 0, a significant change in the
shape of the curves is observed in the vicinity of and below the
critical temperature of the linearized approach of Tcr;gl � 25:59
C.
The curves for vertical displacements at the two face sheets appear in
Fig. 8a. Here, all curves exhibit a change in the pattern of the curves,
which reflects the existence of a bifurcation point, although below the
critical temperature. A comparisonwith FE results byANSYS for the
case with the larger CTE reveals similar trends, with some
discrepancies at lower temperatures that decrease as the temperature
is increased. The differences are due to the kinematic relations of
large displacements and large rotations used by the FE analysis,
compared with the kinematic relations of large deformations with
moderate rotations used by the proposed model. Notice that in all
three cases, as well as with ANSYS, the postbuckling curve is of a
stable type (plate type), which means that any increase in the
displacement is caused by an increase in the temperature. A similar
trend is observed for the maximum bending moments of the first two
�C values, whereas for the largest �C, a general nonlinear behavior is
detected (see Fig. 8b). The interfacial vertical normal stresses exhibit
a postbuckling behavior only in the case of �C � 0, whereas a
general nonlinear behavior is seen for nonzero �C values (see
Fig. 8d). Also, the ANSYS results here compare very well with those
of the proposed analysis.
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The equilibrium curves of the in-plane compressive stress
resultants in the two face sheets appear in Fig. 8c, and they were
determined using the imperfection loads that appear in Fig. 6a. For all
three �C cases, a significant change is observed in the vicinity of the
critical temperature. The resultants in the various face sheets are not
identical, as a result of the overall bending that cause additional
compression in the upper-face sheet and tension in the lower-face
sheet. Notice that here, the compressive resultants reach values that
are larger than the critical compressive resultant No;gl ��0:126 kN
of the linearized solution, compared with the wrinkling case. The
results of the wrinkling and the global-buckling-type analyses
indicate that the critical bucklingmode is the global one, and it occurs
at a rather low temperature of about 25
C.

The second case study presents the nonlinear response of a
sandwich panel when subjected to thermal field, which consists of a
thermal gradient distribution through the depth of the core and
uniform distribution through the length of the panel. For the
geometry and mechanical properties, see Fig. 9a. The gradient
distribution assumes a uniform distribution at the upper-face sheet, a
gradient of 10
C in the core, and a uniform distribution in the lower-
face sheet (see the temperature distribution in Fig. 9a).

The results along the half-span of the sandwich panel appear in
Fig. 9a at three temperature levels of the upper-face sheet: 5
C, in the
vicinity of the critical temperature of 17.5
C, and deep into the
postbuckling range at 25
C. The various displacement patterns
appear in Fig. 9b. Their magnitudes increase as the temperature level
is raised. The displacements at the lower temperature mainly reflect
the deformation caused by the expansion of the core at low
temperature levels. Similar trends are observed for the bending
moments that reach their extreme values in the vicinity of the support
(see Fig. 9c). The in-plane compressive resultants (see Fig. 9d) are
uniform at the lower temperature levels and increase and change into
nonlinear behavior as the temperature is raised as a result of the
formation of shear stresses in the core. Finally, the interfacial vertical
normal stresses follow the same trends as those of the bending
moments, and they reach their maximum values in the vicinity of the
support (see Fig. 9e).

The equilibrium curves for this case appear in Fig. 10 and the
imperfection loads used here are due to the gradient of temperatures
between the face sheets. A significant change in the curves that
indicates the occurrence of buckling is seen for the maximum
displacements and the in-plane compressive stress resultants in the
vicinity of a temperature of 17
Cof the upper-face sheet. This critical
temperature is lower than those obtained for global buckling of the
previous case (see Fig. 10a vs Fig. 8a and Fig. 10c vs Fig. 8c). The
curves of the displacements of the face sheets appear in Fig. 10a and
reflect a stable postbuckling behavior. Notice that the lower-face
sheets exhibit larger displacements than the upper-face sheets, which
indicates a nonlinear response as a result of the vertical expansion of
the core. The bending moments and the interfacial stresses exhibit a
general nonlinear response (see Figs. 10b and 10d). The curves of the
compressive stress resultants appear in Fig. 10c, and they reflect a
bifurcation point. In the postbuckling range, the compressive
resultants in the lower-face sheet that buckles first reaches a value of
0.145 kN, which is larger than the critical resultant predicted by the
linearized model of 0.126 kN, and remains unchanged and even
decreases as the temperature is raised. In the lower-face sheet, the
compressive stress resultants increase as the temperature increases.

Conclusions

The nonlinear thermal behavior, along with buckling and
postbuckling, of a sandwich panel with a soft core and immovable
supports (in-plane restraints) is presented. The mathematical
formulation is based on a variational approach and the high-order
sandwich-panel-theory approach. The analysis considers the thermal
strains of the core in the vertical direction and the effects of the
vertical flexibility of the core. The nonlinear governing equations are
linearized using the perturbation approach, thus yielding the
equations for the prebuckling and the buckling stages. In general, the
equations of the prebuckling state are nonlinear, and they do not
describe amembrane state. However, when the thermal expansion or
contraction of the core in the vertical direction is ignored, the
linearized equations exhibit a membrane state at the prebuckling
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stage, and a closed-form analytical solution exists in the case of a
uniform thermal field along the sandwich-panel length. The critical
temperatures and their modes are determined in the case of a simply
supported sandwich panel with movable supports at the buckling
state. Two types of buckling are observed: local buckling or
wrinkling, in which the two face sheets move opposite to each other,
and global buckling, in which the two face sheets move in the same
direction.

The postbuckling response is determined through the solution of
the full nonlinear analysis, and the characteristic solution features are
demonstrated for some typical cases with wrinkling and global types
of buckling and for the case of a sandwich panel subjected to a
gradient thermal distribution. The nonlinear response yields critical
temperatures in the vicinity of the results obtained using the
simplified linearized models. In all cases, the postbuckling response
is of a stable type (plate type), in which any increase in the
displacement is associated with an increase of the temperature.

The effects of the coefficient of thermal expansion of the core are
studied, and the results are compared with the results obtained using
the simplified linearized model. The nonlinear results for the largest
CTE compare very well with FE results of ANSYS for the wrinkling
and the overall buckling cases. The study reveals that in the case of
wrinkling buckling with �C � 0, the sandwich panel exhibits
buckling behavior at a temperature that equals the result of the
linearized model. However, when the vertical thermal strains of the
core are considered, the response is generally nonlinear, without a
bifurcation point at the critical temperature Tcr;wr, whereas the in-
plane compressive stress resultants are smaller than those defined in
the linearized approach. Thus, an approach that defines the structural
capacity of a heated sandwich panel using the elastic foundation
approach is, in general, physically inconsistent and incorrect.

In the case of global buckling, the response is that of a bifurcation
with a stable postbuckling curve, whether the vertical thermal strains
of the core are included in the analysis or not. The nonlinear critical
temperature is lower than that predicted by the linearized solution
Tcr;gl. The casewith gradient thermalfields follows the same trends of
global buckling, but with a lower critical temperature.

The full nonlinear model provides a rigorous consistent approach
that fulfills all constraints imposed on the sandwich panel, especially
when the compressive stress resultants are a result of in-plane
restrains (immovable supports). The linearized approach contradicts
the real support conditions and may serve only as an initial trial
solution for the nonlinear analysis.

Finally, a typical uniformly heated sandwich panel with a soft core
generally exhibits a nonlinear response with and without a
bifurcation-point buckling phenomenon and a stable postbuckling
behavior.
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